Vidyamandir Classes Trigonometric Identities and Equations

STANDARD RESULTS IN TRIGONOMETRY Section - 3

3.1. Trigonometric Ratios for sum and difference of angles :

>

>
>
>

sin (A + B) = sinA cosB + cosA sinB
sin (A — B) = sinA cosB — cosA sinB
cos (A + B) = cosA cosB — sinA sinB

cos (A — B) = cosA cosB + sinA sinB

tan (A+B) = tanA+tan B where A#nTI:+E,B¢nTI:+E
1—tan A tan B 2 2
A—tan B
an(A—pB) = mAZ@ND |4 A+Brmr+ s
1+tan A tan B 2
cot (A+B) = cotA-cot B—1
cotA+cotB |where A#nm, B#nm
. +
cot (A-B) = cotA -cotB+1 |and AXB#mm

cot B—cot A

tan A+ tan B + tan C — tan A tan B tan C
tan(A+ B+ C) =
l1-tanAtanB —tan B tanC —tan C tan A

cot A+ cot B+ cotC —cotAcot BcotC

cot(A+B+C)=
1—cotAcotB —cotBcotC —cotC cotA

sin (A + B + C) = sinA cosB cosC + cosA sinB cosC + cosA cosB sinC — sinA sinB sinC
or,

sin (A + B + C) = cosA cosB cosC (tanA + tanB + tanC — tanA tanB tanC)

cos (A + B+ C) = cosA cosB cosC — sinA sinB cosC — sinA cosB sinC — cosA sinB sinC
or,

cos (A + B + C) = cosA cosB cosC (1 — tanA tanB — tanB tanC — tanC tanA)

sin (A + B) sin (A — B) = sin?A — sin’B = cos’B — cos’A

cos (A+B)cos(A-B)= cosZ A — sin?B = cos? B — sin? A

Sl—S3+SS—S7 + ...
1—S2+S4—S6+....

tan (Aj+A, +....+A) = , where

S;=tan A} +tan A, + ..... + tan A, = the sum of the tangents of the separate angles,

S, =tan A tan A, + tan A, tan A3 + ..... = the sum of the tangents taken two at a time,
Sy =tan A; tan A, tan A5 + tan A, tan Ay tan Ay + ..... = the sum of the tangents taken three at a time,
and so on.
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3.2. Trigonometric Ratios of Multiple and Submultiple Angles
i) sin 2A = 2 sin A cosA
(i) cos 24 = cos® A — sin® A
(iii)  cos24=2cos?A—-1 or 1+cos2A=2cos>A

(iv) cos2A=1-2sin?A or 1-cos2A=2sin?A

2 tan A
W tan 24 = 2@ A i)  sin2A= A
2 2
1—tan“ A 1+tan” A
_ 2
(vii)  cos2A = # (ix)  sin3A = 3 sinA — 4 sin®A
l+tan” A
_ 3
x) cos 3A = 4 cos3A — 3 cosA ()  tan3A= SBnA-tan” A

1-3tan” A
3.3 Tranformation Formulae
3.3A  Expressing Product of Trigonometric Functions as Sum or Difference
@) 2sin A cos B=sin (A + B) + sin (A - B) (i) 2 cosAsin B=sin (A + B) —sin (A - B)
(iii) 2 cos A cos B=cos (A + B)+cos (A—-B) (iv) 2 sin A sin B =cos (A —B) —cos (A + B)

The above four formula can be obtained by expanding the right hand side and simplifying.

Note : In the fourth formula, there is a change in the pattern. Angle (A — B) comes first and (A + B) later. In the first quadrant,

the greater the angle, the less the cosine. Hence cosine of the smaller angle is written first [to get a positive result]

3.3B  Expressing Sum or Difference of Two Sines or Two Cosines as a Product

C+D and B = C-D

In the formulae derived in the earlier section if we put A + B=Cand A—- B =D, then A = , these

formulae can be rewritten as

+D -D
sinC + sinD = 2 sin ¢ - cos ¢
2 2
sinC — sinD = 2 sin C_D-COS c+D
2 2
cosC + cosD = 2cos c+D - COS C;D
cosC — cosD = — 2sin c+D - sin c-D or 25inC+D~sinD_C
2 2 2
34 General formulae
i +
> tan A X tan B = M whereA,B¢nn+E,neZ
cos A cos B 2
i +
> cot A+ cotB = M where A, B#nmn,ne Z
sin A sin B
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> l+tanA-tanB = M WhereA,Binn+E,neZ
cos A cos B 2
> lxcotA-cotB = iw where A, B#nm,ne Z
sin A sin B
1—cos0 0 sin 0
> - =tan—= where 0+ nm
sin O 2 1+cos6
> 1+.C086=cotg, where 0 # (2n+1)nmn
sin O 2
> 1_CoseztanZE, where 0#2n+1)
1+cos© 2
> 1-H:ose:cotzg, where 0 #2n 1t
1—cosO 2
T 1+tan® cosO+sin® 1+ sin 20
> tan| —+0 |= = — =
4 1-tan® cosO—sinBO cos 20
1—tan® cosO—sin® 1—sin?260
> tan| ——0 |= = — =
4 1+tan® cosO+sinB cos 20
3.5 Values of Trigonometrical Ratios of Some Important Angles and Some Important Results
J3-1 NCES
> in 15° = cos 75° = ——— > cos 15°=
sin 15 2\/5 2\/5
> tan 15° =2 — /3 = cot 75° > cot 15°=2 + /3 = tan 75°
> sin 22%:%(\/2—\5) > cos 22%:%(,/2%6)
1° 1°
> tan227=\/§—1 > cot223=«/§+1
> sin 18° = % =cos 72° > cos 18° = —“1022\/5 =sin 72°
> sin 36° = —“10:12\/5 =cos 54° > cos 36° = 1 ! =sin 54°
> sin9°=\/3+\/§_\/5_\/§=cos81° > cos9°=\/3+\/§+\/5_\/§=sin81°
4 4
1 1
> cos 36° —cos72° = E > cos 36° cos 72° = Z
> sin® sin (60° — 0) sin (60° + 0) = 1/4 sin 36
cos0 cos (60° — 0) cos (60° + 0) = 1/4 cos 360
> tan® tan (60° — 0) tan (60° + 6) = tan 30
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3.6 Expressions of sin Af2 and cos A/2 in terms of sin A

N1+sind =

Note :  We must be careful while determining the square root of trigonometrical function e.g.

4 A
Sin— + cos —
2 2

sin®x = | sin x | not sin x

BT EY Show that -

. l—cosﬁ_mng . sin@ —tang
) sin6 2 (ii) 1+ cos@ 2
(iii)  (cos 6 + sin 9)2 =1+ sin 26 (iv) (cos 6 — sin 9)2 =1-sin 26
) mn(%Jrej:1+tanz:cosz+s1:nz (vi)  cot @ —tan 0 = 2 cot 26
— fan cos 6 — sin

T 1—tan@ cos@ — sinf
tan| ——0 |= =
( j 1+tan@ cos@+ sin

SOLUTION : (Hints)

.2
@ LHs=_— 25872 e
2sin0©/2cosB/2
(i) LHS:251n9/200s6/2:tane/2

2c0s20/2

(iii) & (iv) expand LHS to get answer.

T
) expand using tan (A + B), tan (A — B) and tan 1 =1
. 20 w2
(vi) LHSZC.ose_smezcos. 0 — sin 6=2?0829=2cot29
sin® cos© sin O cos O sin 20

(i) sin 15°, cos 15°, tan 15°, cot 15° (ii) tan 22.5°, cot 22.5° (iii) tan 7.5°, cot 7.5°

SOLUTION :
. . . . . . 3-1
(i) sin 15° = sin (45° — 30°) = sin 45° cos 30° — cos 45° sin 30° = sin 15°= ——
22
1
cos 15° = cos (45° — 30°) = cos 45° cos 30° + sin 45° sin 30° = cos 15° = 3+
22
1—cos 30° . 6 1-cosH
tan 15° = ———— using tan — = —
sin 30° 2 sin ©
= tan 15° = 2 — 3
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and also, cot 15° = =2+
tan 15° V3
(ii) tan22Le o 170045 oy
2 sin 45°
cot221° = L =2 +1
2 tan 22—°
2
j31
1 — cos 15° A
(i) an7lo o 1meos15° 23 _2N2-43-1
2 sin 15° NEPS| B-1
22
— tan7=° = (\/5_\/5)(\/5_1)
and also,  cot7 Lo = 11 =(W3+V2) 2+

tan7—°
2

Illustration - 6 Show that : 2x — sin 3x + sin 4x — tan 3x

cos 2x — cos 3x + cos 4x
SOLUTION :

LHS = sin 2x — sin 3x + sin 4x

cos 2x —cos 3x + cos 4x

_ (sin 2x + sin 4x) —sin 3x

2x+4x

[note that 3x]

B (cos 2x + cos 4x) — cos 3x

. (2x+4x] [2x—4x) .
2 sin cos —sin 3x
2 2 2 sin 3x cos (—x) —sin 3x

- ZCos(2x+4xjcos(2x_4xj—cos3x "~ 208 3x cos (—x) — cos 3x

_ sin 3x [2 COSx — 1] [._. cos (—e) = COS e]
cos 3x[2 cos x —1]

=tan 3x = RHS

lllustration - 7 ; o o o
St & sin300" tan330" sec 420

tan135° sin210° sec315°

SOLUTION : Given expression

sin 300° tan 330°sec420° _ sin (360° — 60°) tan (360° — 30°) sec (360° + 60°)
tan135°sin210°sec315° tan (180° — 45°) sin (180° + 30°)sec (360° — 45°)

) ﬁ X L X2
_ (—sin 60°)x (—tan 30°) xsec60° 2 /3 _ 1 J2
(—tan 45°)x (—sin 30°) X sec 45° lxlxﬁ B
2 V2
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lllustration - 8 —
5 cosdl= ST =05

1—cosa cos

B

o o
, then show that tan P == tan — cot — .

SOLUTION :
1 1-cosacosP

Manipulating the given condition as follows : =
cos®  coso—cosP

1-cos®  (1-coso cosP)—(cosa —cosf)
14+cos®  (1—cosacosP)+ (cosa —cosP)

[Apply ‘C’ and ‘D’]

n2§ _ (I=cosa) +cosPB(l-cosa) (1-cosa)(l+cosP)
2 (1+ coso) — cosP (1+ cos o) " (I+cosa) (1—cosP)

= ta

1—cosa

b 20
tan” —
= tan2§ = I+cosa = 2 = tan29=tan2g-cot2E = tan—=J_rtan—-cotE
2 1—cosP 2B 2 2 2
—  tan” —
1+ cosP
Illustration - 9 _ _
If tang= 1—etang,showthatcos¢=m,
2 l1+e 2 l1—ecos@
SOLUTION :

We have to find cos¢ in terms of e and cos 6, so try to convert tan6/2 to coso.

0 —
2 ! etanZQ

tan” — =
2 1+e 2
- tan2g=1+etan2g=l+e 1—cos©
l—e 2 1-—e\l+cosH
20
e 4 e—cosB—ecos®
= 1 ~ l—e+cos®—ecosO
1—ta.n2¢/2 (1—e+cosO—ecos0)—(1+e—cosd—ecosd)
= ) = [Apply C and D]
1+ tan” ¢/2 (I—e+cos®—ecosB)+(1+e—cosO—ecosB)
—2¢+2cosO® cosO—e
= cos ¢ = =

2-2¢cos® 1—ecosO

lllustration - 10 tan o + tan . :
- If tan B = —7, prove that : sinz/j’:w

1+tana tany 1+ sin 2asin2}/'

SOLUTION : We have tan 3 in terms of o and v, so and we have to express sin 2f3 in terms of o, y. Hence we will start with
2 tan
1+ tan? B

tan v, so express tanf in terms of sine and cosine.

sin2P = and substitute for tan B in R.H.S. Also, as the final expression does not contain tan o and

sin o, cos’y + cososin’y  sin (0L + )

tan B = - -
cosQ cosY+sinasiny  cos (0L —)
2 tan
Now sin 2f3 = —g
1+ tan” B
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2si11(oc+'y)
. sin 2 = cosz(oc—y) _ 252in(0c+y)cos2(0c—y)
1+Sin (u+7v) cos” (ou—7)+sin” (o +7)
cosz((x—y)
_sin[ot+y+o—y]+sin[o+y—o—7)
1+sin? (o + ) —sin® (=)
_ sin 20 + sin 2y
l+sin[foo+y+o—7y]sin[o+7—0o—7]
- sin 2B = sin 200 + sin 2y

1+ sin 20 sin 27y

UCEIEVTTESEY 17 2 tana = 3 tanf, then show that :

sin2f
5-cos2f’

tan (o0 — B) =

SOLUTION :

We have to express tan (o — ) in terms of B only. Starting with standard result of tan (o0 — B) and substituting for
tan oo = 3/2 tan 3 in R.H.S. we have :

tano.—tan3 _ 3/2tanP —tanf

= tan (a0 — B) = =
I+tanotanB 14372 tan’ B
¢ .
N tan (0 B) = an[32 _ 512nBcos[3 _
2+3tan“f 2cos“P+3sin” P
N _ 2sinBcosP sin 23
4cos’B+6sin’p 2 (1+cos2P)+3 (1—cos 2B)
= tan (o — B) = _sin2p_
5—cos 2B
M If a+ B=90"and B+ y= « then prove that tanoa = tan B +2tany.
SOLUTION : a+f=90°
Taking tan on both sides
Now tan(oc+[3)=w= tan90” = —nite_ tanotanf = 1
l—tanotan 0
Now tan o0 = tan ([3+’Y) = m
1—tanBtany
= tano— tan o tanBtany = tan + tany
= tano.—tany =tan} +tany (v tanoctanP =1)
= tano, = tanf} + 2tany
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Illustration - 13 2 ) ’ ) a2

asin® x +bcos™x =c,bsin” y+ acos”y = dandatanxzbtany,thenb—zis
(b—c)(d-b) (a=d)(c—a) (d—a)(c-a) (b-c)(b-d)
Yo Y eroumn Y maemn Y emotena)

SOLUTION : (B)
2 2

We have to find value of — ie. tan2 Y. [+ atanx =btan y|
b tan” x
Given that: asin® x+bcos® x= ¢ = a sin® x +b(1—sin2 x) =c
.2 .2 c—b
= sin“x(a-b)=c-b = sin” x =
a—b
cos? x = 1-sin® x = cos? x = a—;
So.  tanlx= TP P7C .0
a-c¢ c¢c—a
Similarly, we can find tan’ y
2 a—d s
= tan” y = T [Replace ¢ by d, b by a, a by b in (i)]
a®>  tan’y _a-d _ c-a

: — X
p*> tan’x d-b b-c

Ifx= sin (=) - sin (y=56); y= sin (B-y) - sin (- &) and z = sin (y—a) -sin (-5), then
A) x+y+z=0 (B x+y—-z=0 (O y+z—-x=0 (D) None of these
SOLUTION : (A)
Consider x = sin (o — B) sin (y — 8), multiply both side by ‘2°. We get :
2x = 2sin (o.—P) sin (y—9)

2x = cos(a—fB- y+8)- cos(a-p +y-0) o)
And similarly

2y=cos (- y— a+ 6)— cos(f-y+a—9) ... (i)

2z = cos(y—a—p+68)—cos(y—a+p—90) ... (i)

Now adding at (i), (ii) and (iii) to get :
2x+2y+2z=cos(d—PB-y+8) —cos(-P+y-8) +cos(P-y-a—-08) —cos(P-y—a+9)
+cos(y—-o—PB+8) —cos(y—o+p-9)
As cos (0.—PB-7+08)=cos(y—oa+p-9)
cos(B-y-a+d)=cos(at—PB+y-9)
cos(y—a—-PB+0d) =cos B-y—oa-29) [As cos (- 6) = cos 0]

= 2x+2y+2z=0 = x+y+z=0
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llustration - 15 Gy of 3 cosec 20° — sec 20° is :

@A 1 ® -1 © 0 D) 4

SOLUTION : (D)
, NE) 1 /3 cos 20° — sin 20°
Consider — - = -
sin 20°  cos 20° sin 20° - cos 20°

Multiply and divided by
4 ﬁ cos 20° — 1 sin 20°
2 2

2 sin 20° cos 20°

_4'(sm60 -c0520° — cos 60° - sin 20°) =4s1n(60 —20)=4.s1n40 —4

sin 40° sin 40° sin 40°
lllustration - 16 Ay PRI of expression tan A + 2 tan 2A + 4 tan 4A + 8 cot 8A is :
A A
(A) tan A (B) cot A © tan; (D) cot;
SOLUTION : (B)
_ tan? a2
tanA + 2tan 2A + 4 tan 4A + 8 M By using cot 20 = w

2tan4A 2 tan O

4tan® 4A + 4 — 4 tan” 4A

=tanA+2tan2A+( ]:tanA+2tan2A+4cot4A

tan4A
_ tan? 2
=tanA + 2 tan 2A + 4 I-tan” 24 By using cot26 = 1-tan”" 0
2tan2A 2tan0
2tan® 2A+2 -2 tan> 24
=tanA + =tanA + 2 cot 2A
tan2A
1—tan” A _ tan2
=tanA + 2 St A By using cot 20 = 1-tan”0
2tan A 2tanB

B tan® A+1—tan” A _
tan A

cotA

Note : Students are advised to learn above result as formula.
i.e., tanA + 2 cot 2A = cotA

Illustration - 17 1-sinx

Find set of all possible values of o in [-r, ©] such that Tt sing is equal to (sec o — tan Q).
sin

V4 V4 V4 V4
(A) 0<a<§ (B) —7c<a<z (C) —E<0!<3 D) —-T<O<T
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SOLUTION : (C)

i
Clearly o # iE

1—sino .
as, seco—tan ol = ..(0)
cos O
. . 2 . .
1—sin o 1—sin o l—sinot| 1-sino .. . .
and - = ( ) = = .. (i) As [1-sin o is always +ve]
1+ sin o cos? o cos o lcosol

From (i) and (ii) two expressions are equal only if cos o> 0, i.e., —-m/2< o <1/2

1—sino

>

1+ sino 2’2

lllustration - 18 I x y _ z

= = , then x + y + z is equal to :
G cos(0+2;j cos(Q—Z;J

(A) -1 B) 1 © o (D) None of these

T T
and secol—tan @, are equal only where o= (—— —)

SOLUTION : (C)

X Y

z
. — _ =
Given cos O 21 2n (say)
cos| 6+ ? cos| 6 — 3

Il
o

= X+y+z= X{cos6+cos(6+23—nj+cos[9—é—nj}=k{cos9+ 2c059005%}

UTB{EWCLEREY Match the following :

Column | Column Il
(A) cos® 52i — sin® 22i P) 1
2 2
2 3 2 4 J= \/5
B cos” — +cos” —
(B) 5 5 Q 42
3
© sin 24° + cos 6° (R) "
15 +4/3
(D) sin?50° + cos?130° S) y 3

SOLUTION : [A-Q] [B-R] [C-S] [D-P]

() cos? 521—sin2 221=cos75° cos30°=£x—3: 3-\3
2 2 222 42
2 2
(ii) cos23—n+cos2ﬂ= \/5—1 + \/§+1 =§
5 5 4 4 4
(iii) sin 24° + cos 6° = 2 sin 54 cos 30 = @

(iv) sin250° + cos2130° = 1
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